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Abstract: The ve-degree of a vertex u € V(G), denoted by de(u), is the number
of edges in the subgraph (N[u]). A vertex w is said to n-cover (neighbourhood-
cover) an edge e if e is an edge of the subgraph (N[u]). A set S C V(G) is called
a n-covering set of a graph G if every edge in GG is n-covered by some vertex in S.
The n-covering number «,(G) is the minimum cardinality of a n-covering set of
G. In this paper, we introduce new parameters such as strong (weak) n-covering
number and strong (weak) n-independence number using ve-degrees of vertices, and
we establish a relationship between them. Further, we define and study n-cover
balanced sets.
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1. Introduction

By a graph G, we refer to a finite, simple, undirected graph with a vertex set
V(G) and an edge set E(G). Let |V (G)| = p denote the order of G, and |E(G)| = ¢
denote the size of G. The terminologies and notations used here follow those in [3,
8]. For any v € V(G), the set N[v] = {u € V(G) : wv € E(G)} U {v} represents
the closed neighborhood of v. If S C V(G), then the induced subgraph (S) of G
has vertex set S and edge set E((S)) = {uwv € E(G) |u € S and v € S}. A vertex
v is said to cover an edge e if e is incident on v. A set D C V(G) is called a vertex
cover of G if every edge in G is covered by some vertex in . The vertex covering
number a(G) is the minimum cardinality of a vertex cover of G. The concepts of
strong and weak vertex coverings were first introduced by S. S. Kamath and R. S.
Bhat [4]. For an edge e = uv, vertex v strongly covers the edge e if d(v) > d(u). In
such a case, vertex u weakly covers e. A set S C V(G) is a strong (weak) vertex
cover of a graph G if every edge in G is strongly (weakly) covered by some vertex
in S. The strong (weak) vertex covering number sa(G) (wa(G)) is the minimum
cardinality of a strong (weak) vertex cover of G. These two parameters satisfy the
following inequality: for any graph G, sa(G) < wa(G) < o(G).

The concept of the ve-degree of a vertex was introduced by S. S. Kamath and R.
S. Bhat [5]. The ve-degree of a vertex u € V(G), denoted by d,e(u), is the number
of edges in the subgraph (N[u]). If G is a triangle-free graph, then d,.(u) = d(u)
for every u € V(G). The maximum ve-degree of a graph G is denoted by A,.(G),
and the minimum ve-degree of G is denoted by 6,.(G). A graph G is said to be
ve-regular if dy.(u) = dye(w) for every u,w € V(G).

In 1985, E. Sampathkumar and P. S. Neeralagi [6] initiated the study of the
neighborhood set of a graph. A set S C V(@) is called a neighborhood set of
G it G = |J(N|v]), where (N[v]) is the subgraph of G induced by N|v]. The

veS
neighborhood number ny(G) is the minimum cardinality of a neighborhood set of

G. A vertex v is said to n-cover (neighborhood-cover) an edge e if e is an edge
of the induced subgraph (N[v]). A set S C V(G) is called an n-covering set of
a graph G if every edge in G is n-covered by some vertex in S. The n-covering
number, denoted as «,(G), is the minimum cardinality of a n-covering set of G.
Note that, for any graph G without isolated vertices, any n-covering set of G is also
a neighborhood set of G, and vice versa. Therefore, ny(G) = a,(G) for any graph
G without isolated vertices. Additionally, if a graph G has k isolated vertices,
then no(G) = a,(G) + k. S. G. Bhat [1] introduced the concept of n-independent
(neighborhood-independent) sets. A set S C V(@) is said to be n-independent if
every edge e € E((5)) is n-covered by a vertex in V(G) — S. The n-independence
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number 3, (G) of a graph G is the maximum cardinality of an n-independent set of
G. These two parameters satisfy the following relation: «,(G) + 8,(G) = p. The
properties of n-covering sets and n-independent sets were further studied in [2].

2. Strong (weak) n-covering sets and strong (weak) n-independent sets
of a graph

Definition 2.1. A vertex u € V(G) strongly (weakly) n-covers an edge e € E(G)
if u n-covers e and dye(u) > dye(w) (dye(u) < dye(w)) for every w which n-covers
e.

Definition 2.2. A set S C V(G) is said to be a strong (weak) n-covering set of
G if vertices in S strongly (weakly) n-covers all the edges of G. The strong (weak)
n-covering number sa,,(G) (wa,(GQ)) of G is the minimum cardinality of a strong
(weak) n-covering set of G. That is, sa,(G) = min{|S| : S is a strong n-covering set}.

Definition 2.3. A set S C V(G) is said to be a strong (weak) n-independent set of
G if for every edge e in (S), there exists a vertex w € V(G)— S such that w weakly
(strongly) n-covers e. The strong (weak) n-independence number sf,(G) (wB,(G))
of G is the mazimum cardinality of a strong (weak) n-independent set of G.

Remark 2.1.

(i) For a null p-vertex gm}ﬁfp, we assume that san(K,) =
wo,(Ky) =0 and sB,(K,) = wh,(K,) =p

(i1) Let G be a non-trivial and non-null graph and ua,, (us,,) be a vertex of G of
mazimum (minimum) ve-degree. Then V(G) — {us,.} (V(G) — {ua,.}) is a
strong (weak) n-covering set of G. Further, {ua,,} ({us,.}) is a strong (weak)
n-independent set of G.

Example 2.1. For the graph GGy shown in Figure 1, the ve-degrees are as follows:
dye(V1) = 3, dype(v2) = dye(v3) =5, dye(vy) =4, dye(vs) = 2, and dye(vg) = 1.

V2

U1 \ 4 ®

U3

Figure 1: Graph G,
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Note that {vs, v5} is an n-covering set of Gy, {vs, v4, U5} is a strong n-covering set of
G, and {v1,v4, 05,06} is a weak n-covering set of G1. Furthermore, {vy, va, vy, v6}
is an n-independent set of Gy, {ve,v3} is a strong n-independent set of Gy, and
{v1,vs3,v6} is a weak n-independent set of G;. Hence, a,,(G;) = 2, sa,(G1) = 3,
wao,(Gr) =4, B,(G1) =4, s8,(G1) =2, and wp,(G) = 3.

2.1. Preliminary Results
We compute strong (weak) n-covering number and strong (weak) n-independence
number of some standard graphs.

Proposition 2.1.

(i) For a path P with p > 3 vertices, an(P) = san(P) = | 2], wa,(P) = [E2],
8B (P) = I_p%lj and B3,(P) = wp,(P) = Pﬂ

B,(C) = 58,(C) = wpa(C) = [2].

(111) For a complete bipartite graph K, 1, an(Kmy) = son(Kmi) = $Bn(Kmy) =
min{m, [} and wa,(Kp,) = Bn(Km,) = why(Kym,) = max{m,l}.

(iv) For a complete graph K, with p vertices, a,(K,) = san(K,) = wa,(K,) =1
and B, (K,) = sBn(Kp) = wB,(K,) =p—1.

(v) For a wheel graph W, with p > 5 vertices, Oén( ) = sa ( ) =1, wan(W,) =
2], Bu(W,) = wBa(W,) = p— 1 and sB,(W,) =

(vi) For a windmill graph Wd(k,l) with k > 2 and | > 2, a,(Wd(k,l)) =
sa, (Wd(k, 1)) = 1, wan(Wd(k; 1) = l Bn(Wd(k D)) = wh,(Wd(k,1)) =
Ik — 1) and sB,(Wd(k,1)) = I(k — 2) +

(vit) For a Dutch windmill graph D ) with k > 4 and m > 2, an(D(m)) =
san(Dgfm)) = 1+m [£2], wozn(D,(fm)) = m|[%], ﬁn(D(m) = wﬁn( ) =
mL%J andsﬂn( L )—1+m[k 3}

Proposition 2.2. Let G be a connected graph of order p > 1. Then,
(i) san(G) =1 if and only if there exists v € V(G) such that d(v) =p — 1.

(it) wa,(G) =1 if and only if G = K.
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Remark 2.2.

(1) For any graph G, a,(G) < min{sa,(G), wa,(G)} and
max{s3,(G), wB,(G)} < Bu(G).

(ii) If a graph G has no triangles, then sa,(G) = sa(G) and wa,(G) = wa(G).

2.2. Gallai-type results
We first prove the following and obtain Gallai-type results for the new param-
eters defined.

Proposition 2.3. Let G = (V, E) be a graph. For any set S C V(G),

(1) S is a strong n-covering set of G if and only if V(G) — S is a weak n-
independent set of G.

(ii) S is a weak n-covering set of G if and only if V(G) — S is a strong n-
independent set of G.

Proof. Let S be a strong n-covering set of G and W = V(G)—S. Let e be an edge
in the subgraph (IW). Since S is a strong n-covering set, there exists u € S such
that u strongly n-covers e. Thus, W is a weak n-independent set of G. Conversely,
let W be a weak n-independent set and S = V(G) — W. Let e € E(G). Then, we
consider the following two cases:

Case 1. If e € E ((W)), then there exists u € V(G) — W = S such that u strongly
n-covers e.

Case 2. If e ¢ E((W)), then u be a vertex in V(G) which strongly n-covers e.
Now, suppose u € W, then e € E ((N[u])) C E((W)), which is a contradiction.
This implies that, u € V(G) = W = S.

Hence, S is a strong n-covering set of G. With the similar arguments, we can prove

that the complement of a weak n-covering set of G is a strong n-independent set
of G.

Theorem 2.1. For any graph G of order p > 1,
(1) san(G) +wp,(G) =p
(11) wan,(G) + sp,(G) = p.

Proof. Let S be a strong n-covering set of G such that |S| = sa,,(G). Then by
Proposition 2.3, V(G) — S is a weak n-independent set of G. Hence, wf,(G) >
\V(G) = S| = p — san(G). Therefore, sa,(G) + wp,(G) > p. Again, if W is
a weak n-independent set of G such that |W| = wp,(G). Then V(G) — W is a
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strong n-covering set by Proposition 2.3. Hence, sa,(G) < |V(G) — W|. That is,
sa, (G) +wpB,(G) < p. Then from the above inequalities (i) follows. Similarly, (i7)
holds.

3. Strong and weak ve-degree of a vertex

Definition 3.1. The strong (weak) ve-degree of a vertexr uw € V(G), denoted by
Aspe(u) (duwe(w)), is the number of edges strongly (weakly) n-covered by u. Then
Agpe(G) (Apre(G)) and d5pe(G) (0sve(G)) represent the maximum strong (weak) ve-
degree and minimum strong (weak) ve-degree of G, respectively.

Definition 3.2. The regular ve-degree of a vertex u € V(G), denoted by dpe(u),
18 the number of edges which are both strongly and weakly n-covered by w. The
balanced ve-degree of a vertex u € V(G), denoted by dyye(u), is the number of edges
which are neither strongly nor weakly n-covered by wu.

Definition 3.3. A vertex v € V(G) is called strong (weak) ve-silent if dsye(u) =0
(dywe(u) = 0). A set S C V(G) is said to be strong (weak) ve-silent set if for
every vertex u € S, dge(u) = 0 (dype(u) = 0). The strong (weak) ve-silent number

Os0e(G) (Ouwe(Q)) is the mazimum cardinality of a strong (weak) ve-silent set of
G.

Remark 3.1. For any graph G, Aye(G) = Age(G).

Theorem 3.1. Let G be a graph. Then for any verter u € V(G), dye(u) =
dsve(u) + dwve (U) + dbve (U) - drve(u)'

Proof. Consider a vertex u € V(G). Let D be the set of all edges n-covered by
u, S be the set of edges strongly n-covered by u, W be the set of edges weakly
n-covered by u, R be the set of edges both strongly and weakly n-covered by u, and
B be the set of edges neither strongly nor weakly n-covered by u. By definition,
SNW =R, SNB=0,WnB=10,and RN B = (). Hence, we have d,.(u) = |D| =
ISUWUB|=|S|+|W|+|B|—|SNW|—=|SNB|—|WnNB|+|SNWnNB|. Since
SNB =0, WNB =0, and RNB = ), this simplifies to dy.(u) = |S|+|W|+|B|—|R).
Therefore, dye(u) = dspe() + dupe(0) + dppe (1) — dpye(u).

4. Bounds on sa,(G) and wa,(G)

Proposition 4.1. If there exists a strong (weak) n-covering set of a graph G which
is also a strong (weak) n-independent set of G, then

(1) san(G) 4+ wa,(G) <p

(i) $0n(G) + wBn(G) = p.
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Proof. Let S be a strong n-covering set of a graph GG which is also a strong n-
independent set of G. Then, sa,,(G) < |S]. Also, by the Proposition 2.3, V(G) — S
is a weak n-covering set of G. That is, wa,(G) < |V(G) — S| = p — |S|. Thus,
(i) holds. Using the Theorem 2.1 in (i), we get sf,(G) + wS,(G) > p. Similar
argument holds for weak n-covering set of G which is also a weak n-independent
set of G.

Proposition 4.2. Let G be a graph with order p and size q. Then

(i) | 5% | < 50u(@) <P = 0.(C)

(i) | 5ty | < wan(@) < p— Oune(G).

Proof. Since a vertex u € V(G) can strongly n-cover at most A,.(G) edges and

we have to strongly n-cover all the ¢ edges, we need at least vertices to

q
Ave(G)
strongly n-cover all the edges of G. This implies the lower bound in (i) holds.
Let S C V(G) be a strong ve-silent set of G with maximum cardinality. That is,
|S| = Oue(G). Since, every vertex in S is strong ve-silent, no vertex in S can
strongly n-cover any edge in G. Therefore, V(G) — S is a strong n-covering set
of G. Hence, sa,(G) < p—|S| = p — Oe(G). With the similar arguments, the
bounds in (i7) holds.

Example 4.1. We observe that any complete graph K, attain the lower bounds in
(¢) and (i¢) of the Proposition 4.2. For any wheel graph W,,, note that sa,,(W,) =
l=p—(p—1) = p— OuW,). Thus, W, attains the upper bound in (7).
Also, for the graph G given in the Figure 1, we have wa,(G;) =4 =6 —2 =
D — Ouwe(G1). Hence, G; attains the upper bound in (i7). Thus the above bounds
in the Proposition 4.2 are sharp.

Remark 4.1.

(i) For any ve-regular graph G, a,(G) = sa,(G) = wa,(G) and 5,(G) =
$0,(G) = wph,(G). But, the converse need not be true. Note that, a wheel
graph W, with p > 5 is not ve-reqular, but o, (W,) = sa,(W,) and 5, (W,) =
wB,(Wp). The graph Gy given in the Figure 2 is not ve-reqular, but sa,(G2) =
3 = wan(Gs) and sp,(G2) = 2 = wB,(Ga). Also, for the graph G5 in the
Figure 2, we have a,(G3) = wa,(G3) and B,(G3) = sfn(G3), but Gs is not

ve-reqular.

(i) The numbers sa,(G) and wa,,(G) are incomparable in general. For example,
in Figure 2, {v1, v4, v, U6} is a weak n-covering set of Gz and {vy, ve, v3, v7, v8}
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U1

Uq

us us

5% Uz
Go

Figure 2: Graphs G5 and Gj3

is a strong n-covering set of Gs. Hence, sa,(G3) =5 > 4 = way,(G3). On the
other hand, for a wheel graph W, with p > 5, we have so,(W,) < wa,(W,).

5. n-cover Balanced Graphs
E. Sampathkumar and L. Pushpa Latha [7] introduced the concept of domina-
tion balanced graphs. In a similar way, we define n-cover balanced graphs.

Definition 5.1. A graph G is said to be n-cover balanced if there exists a strong
n-covering set S1 of G and a weak n-covering set Sy of G such that S; N Sy = ¢.

Example 5.1. A wheel graph W), is a n-cover balanced graph. Consider the graph
GGy given in the Figure 1. Note that, v, uniquely strongly n-covers the edge v4vs
and weakly n-covers the edges vovy and vsvy. This implies that, vy belongs to any
strong (weak) n-covering set of GG;. Thus, (G; is not a n-cover balanced graph.

Proposition 5.1. For any graph G, the following statements are equivalent:

(i) G is n-cover balanced.

(i) There exists a strong n-covering set of G- which is a strong n-independent set

of G.

(11i) There exists a weak n-covering set of G which is a weak n-independent set of

G.

Proof. Let GG be a n-cover balanced graph. Then there exists a strong n-covering
set 57 of G and a weak n-covering set S, of G such that S; N .Sy, = ¢. Let e be an
edge of the subgraph (S;). Then there exists a vertex u € Sy C V(G) — S} such
that u weakly n-covers e. Thus, S is a strong n-independent set of G. Similarly, we
can prove that Sy is weak n-independent set of G. This implies that, (i) = (i)
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and (i) = (zi) holds. To prove (i1) = (i) and (i1) = (iii): Let S be
a strong n-covering set of G which is a strong n-independent set of G. Then by
Proposition 2.3, V(G) — S is a weak n-covering set of G and weak n-independent
set of G. Thus, G is n-cover balanced. With similar arguments, (iii) = (i) and
(i4i) = (ii) holds.

Note 5.1. We denote a strong (weak) n-covering set S of G with |S| = sa,(G)
(|S] = wan,(G)) as say,-set (way,-set) of G.

Definition 5.2. A n-cover balanced graph G is fully n-cover balanced if there exists
a partition of vertex set V(G) = S1 U Sy such that Sy is a say,-set of G and Sy is
a way,-set of G.

Example 5.2. The graph G4 in the Figure 3 is fully n-cover balanced, since
{ug, us} is the sa,-set of G4 and {uy, ug, ug, ug} is the way,-set of Gy.

us

Uy

Figure 3: Graph G4

Remark 5.1. Fvery fully n-cover balanced graph is n-cover balanced. But the
converse need not be true. For example, a wheel graph W, n-cover balanced, but
not fully n-cover balanced.

Proposition 5.2.
(1) If a graph G is n-cover balanced, then sa,(G) + wa,(G) < p.
(i1) If a graph G is fully n-cover balanced, then sa,,(G) + wa,(G) = p.

Proposition 5.3. A graph G is fully n-cover balanced if, and only if, the following
two conditions are satisfied.

(Z) S@n(G) + w6n<G) =D

(11) There exists a say,-set (way,-set) which is a strong (weak) n-independent set

of G.
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Proof. Assume that G is fully n-cover balanced. Then, there exists a partition
of vertex set V(G) = S; U Sy such that S; is a sa,-set of G and Sy is a wa,-set
of G. This implies that, s3,(G) + wB,(G) = p. By Proposition 2.3, we have
V(G) — Sy = S; is a strong n-independent set of G. Thus, (i) holds. Conversely,
assume that the statements (i) and (ii) are true in G. Let S be a sa,-set (wa,,-
set) which is a strong (weak) n-independent set of G. Then, by Proposition 2.3,
V(G)—S is a weak n-covering set of G. Now, by (i) and Theorem 2.1, |V (G) -S| =
p— sa,(G) = whL(G) = p — $6,(G) = wa,(G). That is, V(G) — S way,-set of G.
Thus, G is fully n-cover balanced.
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